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This study investigates the effect of stimulus variability on development of the ability to make quantity
judgements related to area. Participants were 241 children (aged 4, 5, 6, 8, and 12 years) and 82 university
students, who were asked to compare the quantities in 2 sets of 5 chocolate bars of constant width but
variable length. Participants indicated which set contained more chocolate or that the amounts of
chocolate were equal. Judgement accuracy of 12-year-olds and adults decreased monotonically as the
variance of bar lengths increased. In younger children, performance was low when variance was very low
or very high, but accuracy was higher for intermediate levels of variance, thus resulting in an inverted U-
shaped effect. This pattern was confirmed in a second experiment in which we controlled for a possible
age-related response bias against ‘‘equal’’ judgements. Findings suggest that judgements of quantity are
based on a mixture of learned heuristics and comparisons of approximate quantity representations, both
of which develop throughout childhood.
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The concept of variability (i.e., dispersion of
observed data) has a central role in statistics
and in quantitative decisions in everyday life.
Understanding variability may improve inductive
reasoning, which often involves tasks charac-
terised by the presence of variation in observed
data (Nisbett, Krantz, Jepson, & Kunda, 1983).
Despite the widespread belief in the importance
of this concept, surprisingly little work has
focused on how reasoning about variability devel-
ops (Garfield & Ben-Zvi, 2005). The current
study investigates development of the ability to
make quantity judgements in the presence of
variability. Specifically, we ask children and adults
to compare the quantities represented by 2 sets of
5 vertical bars, while keeping the variability of bar
heights constant in 1 set and manipulating varia-
bility of the bar heights in the other set.
Research in this area has developed along 2
relatively separate lines of inquiry in develop-
mental psychology and in statistics education. In
the field of developmental psychology, there is a
long history of research investigating children’s
ability to make quantity judgements, beginning
with Piaget’s seminal work on centration (Piaget,
1941/1952) and conservation (Piaget & Inhelder,
1948/1967). According to Piaget, conservation
emerges between ages 7 and 8 years, when
children reach the concrete operational stage of
development. Before this stage, children have
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difficulty focusing on more than 1 dimension of a
stimulus because their thought is centred. Piaget
proposed that centration is a consequence of the
absence of mobility that characterises early
thought. Later work demonstrated that children
younger than 78 years are able to solve tasks
involving conservation (Field, 1981, 1987), and
that the ability to make quantity judgements is
more complex and develops more gradually than
was previously believed (e.g., Gigerenzer &
Richter, 1990). Children’s judgements of the
quantities represented by areas have been exten-
sively studied for different sized rectangular
shapes (e.g., Anderson & Cuneo, 1978; Cuneo,
1980; Gigerenzer & Richter, 1990). Anderson and
Cuneo (1978) and Cuneo (1980) found that 3-, 4-,
and 5-year-old children’s judgements of a rectan-
gle’s area were determined by the sum of its
length and width, whereas older children’s judge-
ments were correctly dependent on the product of
its length and width. A decade later, Gigerenzer
and Richter (1990) proposed an alternative the-
oretical approach called Perceptual Constancy
(Brunswik, 1934), in which the whole perceived
area is a basic theoretical concept. In a series of
experiments with children aged between 4 and 9
years and adults, the authors showed that young
children’s use of the heightwidth rule was not
supported. Based on their findings, the authors
proposed a 3-step process model: (1) centring, in
which children focus on the longer side of the
rectangle (i.e., children pay attention to both
dimensions of the rectangle, but tend to over-
estimate the effect of the longer dimension to
formulate their judgements); (2) limited percep-
tual constancy, in which children’s area percep-
tion is influenced by shape, but this dependency is
related both to the rectangle under judgement
and to the series of rectangles presented during
the experiment; and (3) perceptual constancy, in
which area perception matches physical area,
independent of shape. Findings indicated that
centring and limited perceptual constancy
strongly overlapped in children aged between 4
and 9 years, whereas perceptual constancy was
typically observable in adults.
More recently, researchers have demonstrated
that humans share a system for approximating the
number of objects in a scene (Halberda &
Feigenson, 2008; for reviews, see also Cantlon,
Platt, & Brannon, 2009; Dehaene, 2009). This
sense of number is supported by an internal
approximate number system (ANS) that produces
a primitive sense of number rapidly and auto-
matically. A central psychophysical characteristic
of the ANS is that it produces behaviour follow-
ing Weber’s law: People’s ability to discriminate 2
approximate number representations does not
depend on the total number of items or the
absolute difference between them, but on the
ratio between the 2 quantities (Feigenson, De-
haene, & Spelke, 2004). There is increasing
evidence that area, like number, relies on an
approximate representation system (Lourenco,
Bonny, Fernandez, & Rao, 2012), and that the
representational precision of this system may
improve with age (Cantlon et al., 2009). Lourenco
and Longo (2010) provided direct evidence for
the presence of shared representations for space,
number, and time in preverbal infants, who were
able to transfer associative learning across magni-
tude dimensions. More recently, 3-year-olds have
been shown to learn the meaning of the word
‘‘more’’ in context of both approximating number
and approximating area, suggesting an underlying
similarity between these 2 dimensions (Odic,
Pietroski, Hunter, Lidz, & Halberda, 2013). In a
related study, Odic, Libertus, Feigenson, and
Halberda (2012) tested forty 3- to 6-year-old
children and adults in both a number and an area
discrimination task in which participants selected
the greater of 2 quantities across a range of ratios.
The authors found that, like number acuity, area
acuity steadily improved during childhood.
In the field of statistics education, students’
reasoning about variability at different ages has
been investigated using a variety of contexts
(Garfield & Ben-Zvi, 2008). For example, Lehrer
and Schauble (2007) assessed elementary school
children’s reasoning about variability in 2 con-
trasting contexts. In the measurement context,
participants were asked to measure the heights of
several objects. Results showed that children were
able to create rudimentary statistical indices of
central tendency and spread. In the natural or
‘‘biological’’ context (i.e., growth of plants), how-
ever, subjects manifested difficulties in handling
sources of natural variation and related statistics.
Interestingly, the authors found that students’
understanding of variability could be improved
by specific activities involving explorations of
sampling and comparing distributions. Similar
findings were reported by Bakker (2004) in a
study of adolescents attending Grades 7 and 8. By
proposing a number of instructional activities to
foster participants’ reasoning about key statistical
concepts including variability, Bakker found that
activities in which students were encouraged to
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reason about sampling and shape of data were the
most effective. Although students learn relatively
easily how to compute formal measures of varia-
bility, they rarely understand what these summary
statistics represent, either numerically or graphi-
cally (Garfield & Ben-Zvi, 2008). Furthermore,
students have difficulty recognising the impor-
tance of these formal measures and in connecting
them with other summary statistics. For instance,
DelMas and Liu (2007) demonstrated that even
trained college students have strong difficulties
relating the concept of variability to the concept
of centre and comparing the degree of variability
across groups. From an inferential perspective,
the understanding of the relationships between
variability and the concepts of distribution, esti-
mation, and sampling is one of the most proble-
matic issues in students’ statistical reasoning
(Cobb, McClain, & Gravemeijer, 2003). Indeed,
Obrecht, Chapman, and Sua`rez (2010) demon-
strated that laypeople appropriately use informa-
tion about sample variance if it is embedded in a
supportive context, but they fail to do so if the
context implies inconsistent variance information.
At least 3 critical issues can be identified in the
preceding literature review. First, many studies
have focused on variability embedded in complex
contexts and in connection with other statistical
concepts, rather than on variability per se. Much
effort has been devoted to understanding varia-
bility from an inferential perspective (e.g., sam-
pling; see Reading & Shaughnessy, 2004), whereas
the descriptive perspective has been largely
neglected despite being the key prerequisite for
reasoning correctly about variation. Second, most
of the studies concern students’ performance and
the development of effective training pro-
grammes, whereas little is known about the
cognitive mechanisms underlying statistical rea-
soning. An increased integration of the develop-
mental and statistics educational literature is
necessary to improve our knowledge about the
cognitive processes pertaining to the development
of reasoning about variability. Finally, research on
young children’s first intuitions concerning varia-
tion is scarce. A developmental approach may shed
light on the origins of the concept of variability as
well as its course across different ages.
The current study draws on both the develop-
mental and the statistics education literature to
investigate the influence of variability on quantity
judgements of children aged between 4 and 12
years and adults. We focus on this age range
because prior work suggests that children as young
as 4 years are able to perform area quantity
judgements through the application of simple rules
(Anderson & Cuneo, 1978), and that the ability to
use more complex strategies consolidates around
the age of 1112 years (Gigerenzer & Richter,
1990). Given that judgement of area plays an
essential role in the development of mathematical
concepts in children (e.g., Halberda & Feigenson,
2008), and because researchers in statistics
education commonly use tasks involving graphical
Figure 1. Example stimulus with the constant set on the left and comparison set on the right.
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representations of areas, such as histograms
(e.g., DelMas & Liu, 2007), we employed an area
judgement task to assess participants’ performance.
In the experiment, participants are asked to
compare the quantities represented by 2 sets of 5
vertical bars such as those shown in Figure 1,
while keeping the mean and variance of bar
heights constant in 1 set (the constant set) and
manipulating the mean and variance of the bar
heights in the other set (the comparison set).
These 2 sets of bars appear similar to histograms,
and the quantity represented by a set of bars is
equivalent to the number of observations repre-
sented by a histogram. The bars are not histo-
grams, however, because their horizontal
positions are irrelevant. Indeed, the vertical bars
were described as chocolate, and participants
were asked to say which set contained the most
chocolate. We use 5 bars in each set because using
fewer bars (e.g., 2 or 3) may increase the risk that
participants concentrate on a single bar rather
than on the overall variability of bars. In addition,
results of a pilot study indicated that the propor-
tion of correct responses among the youngest
children was significantly greater than chance
using 5 bars.
Children should be able to perform this task
easily if all the chocolate bars in each set were
equally long; they would simply select the set
containing longer bars. The task is more difficult
when bar lengths are variable; some bars may be
longer and some shorter than the bars in the same
position in the other set. Indeed, when the
variability of bar lengths is very high in the
comparison set, it may contain both bars longer
and shorter than any in the other set, making the
comparison between sets difficult. We predict,
therefore, that the accuracy of quantity judge-
ments will decrease as the variability of bar
lengths in a comparison set increases. We also
predict that quantity judgements will improve
with age as children develop the capability to
attend selectively only to the bars of unequal
length and to combine the results of multiple
potentially inconsistent comparisons.
EXPERIMENT 1
Method
Participants. Participants included 241 child-
ren and 82 adults residing in Northern Italy.
The children (38 4-year-olds, 33 5-year-olds, 39
6-years-olds, 67 8-year-olds, and 64 12-year-olds)
were recruited at 2 kindergartens, 4 primary
schools, and a middle school. Adults (M23.71
years, SD2.48) were undergraduate students
majoring in psychology at the University of
Padova. We obtained written informed consent
from the school principals and both parents as
well as verbal assent from all the children.
Materials and design. Materials were con-
structed for 3 training trials and 15 experimental
trials. The stimulus for each trial consisted of 2
sets of 5 bars, as shown in Figure 1. The bar widths
were all 2 cm. In the constant set the mean bar
length m was 7.50 cm and the standard deviation s
was .36 cm. The 15 comparison sets were con-
structed by factorially combining 3 mean bar
lengths and 5 standard deviations. The mean bar
length in the comparison set was 7.86 cm (i.e.,
more chocolate), 7.14 cm (i.e., less chocolate), or
7.50 cm (i.e., the same amount of chocolate).
A comparison set was configured by hand for
each condition with the added constraint that all
bars have lengths between 4.5 and 10.5 cm. Figure 2
shows all 15 stimuli with the constant set on the
left and the comparison set on the right. The
quantity represented by the comparison set is
larger in the first column, smaller in the second
column, and equal to the constant set in the third
column. The standard deviation of bar lengths in
the comparison set was 0 (all equal height) in the
first row, .36 cm (the same as the constant set) in
the second row, .72 cm (twice the standard
deviation of the constant set) in the third row,
1.08 cm (3 times the standard deviation of the
constant set) in the fourth row, or 1.55 cm (more
than 4 times the standard deviation of the
constant set) in the fifth row. The stimuli in the
fifth row contain outlier bars, using Tukey’s
(1977) definition of an outlier as a point that falls
more than 1.5 times the interquartile range above
the third quartile or below the first quartile of
data. Specifically, in Stimulus 13 the comparison
set contains a very short bar, in Stimulus 14 a very
high bar, and in Stimulus 15 both a very short and
a very long bar.
Procedure. Children participated individually
during school hours in a quiet room. The children
were seated in front of a computer at a comfor-
table reading distance (approximately 60 cm).
They were instructed that they would be compar-
ing the quantity of 2 sets of chocolate bars in a
series of graphical representations. Specifically,
4 ALTOE` AND AGNOLI
children were asked ‘‘Which side has more
chocolate? This side, that side, or are they the
same?’’ Participants were instructed to answer
spontaneously, taking as much time as they
needed to look at each stimulus. They were also
asked not to linger on a specific stimulus to
prevent them from giving answers based on the
application of complex computing strategies. The
children responded orally and by pointing, and
their responses were audiotaped and recorded
by the experimenter using paper-and-pencil. Dur-
ing the test trials, the experimenter gave only
neutral-positive feedback unconnected to the
participant’s performance. To ensure that partici-
pants understood the task, they completed
3 training trials in which the correct responses
were left, right, and equal before proceeding to
the 15 test trials. During these trials, the experi-
menter provided indications with regard to re-
sponse time to discourage responding too rapidly
(e.g., without thinking) or too slowly (e.g., trying
to measure and remember the height of every
single bar). The side of appearance of the
constant set and the order of the 15 experimental
trials were counterbalanced across participants.
Adults participated in a classroom setting.
Each adult was given a booklet containing 3
training trials and 15 experimental trials, 1 per
Figure 2. The 15 stimuli with the comparison set on the right. The mean bar length of the constant set was m7.50 cm. The mean
bar length of the comparison set was greater than m in the first column, less than m in the second column, and equal to m in the third
column. The standard deviation of the constant set was s.36 cm. The standard deviation of the comparison set increases from 0 in
the first row to more than 4s in the fifth row. [To view this figure in colour, please visit the online version of this Journal.]
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page. Four versions of the booklet were created
combining 2 different presentation orders of the
15 stimuli and counterbalancing the side on which
the constant set appeared. Adults were instructed
to solve the 3 training and 15 experimental trials 1
at a time without turning back to prior pages,
drawing in the booklet, or using any other
strategy to determine the answer. They were
asked to simply look at the pictures and to
provide an answer without imposing any time
limit for each trial. Subjects were also asked not
to linger on a specific stimulus to prevent them
from giving answers based on the application of
complex computing strategies. On each page
adults judged which side contained the most
chocolate and responded by checking 1 of 3
responses: left side, equal, or right side.
Results
Because the data were repeated measurements of
a categorical response, a logistic mixed-effects
model approach was used (Baayen, 2008; Jaeger,
2008; Pinheiro & Bates, 2000). In this model the
dependent variable was accuracy (correct or
incorrect response). The fixed effects were age
group (6 levels: 4-, 5-, 6-, 8-, 12-year-olds, and
adults), mean chocolate bar lengths in the com-
parison set (3 levels: more, less, or the same as the
constant set), and standard deviation of the
chocolate bar lengths in the comparison set
(quantitative variable with 5 increasing values).
To evaluate the potential quadratic effect of bar
length variability on performance, the model
included the quadratic term for the standard
deviations of chocolate bar lengths. To evaluate
whether the effects of the manipulated experi-
mental variables were constant across age groups,
all 2-way interactions including age were tested.
Subjects were treated as a random effect. To
assess the significance of both fixed and random
effects, we carried out a series of likelihood ratio
tests (LRT) for nested models1 based on the chi-
square distribution (Pinheiro & Bates, 2000). As
suggested by Wagenmakers (2007), we also con-
sidered the Bayesian Information Criterion
(BIC). Because both approaches always yielded
the same results, only the results of the LRT are
presented. Detailed information on the model,
including estimated parameters and odds ratios as
a measure of effect size, is reported in Table A1
(available via the supplementary tab on the
article’s online page at http://dx.doi.org/10.1080/
20445911.2013.801485). All analyses were per-
formed using R software (R Core Development
Team, 2009).
The mean proportion of correct responses
(shown in Figure 3) increased monotonically
with age (.40 for 4-year-olds, .45 for 5-year-olds,
.49 for 6-year-olds, .54 for 8-year-olds, .68 for 12-
year-olds, and .71 for adults) resulting in a
significant main effect of age on participants’
performance, x2(4)214.09, pB.001. A planned
comparison analysis was performed comparing
each age group with the adjacent age group (i.e.,
4-year-olds vs. 5-year-olds, 5-year-olds vs. 6-year-
olds, and so on). Proportion correct was signifi-
cantly greater for 12-year-olds than 8-year-olds
Age (years)
Ac
cu
ra
cy
4 5 6 8 12 Adults
0
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Chance Level (0.33)
Figure 3. Mean proportion of correct responses by age for Experiment 1. Error bars represent standard errors of the mean (N
323).
1 Each test was performed according to the principle of
marginality (Type II tests), i.e., testing each term after all
others, except ignoring the term’s higher order relatives (for
details see Fox, 1997).
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(pB.01) and significantly greater for 8-year-olds
than 6-year-olds (pB.05).
We also found a significant main effect of mean
amount of chocolate, x2(2)713.54, pB.001,
with participants performing better when the
amount of chocolate in the constant and compar-
ison sets was unequal. The proportion correct was
.73 (SE.01) when the comparison set was larger
and .68 (SE.01) when the comparison set was
smaller. In contrast, the proportion correct was
only .33 (SE.01) when the comparison and
constant sets contained the same amount of
chocolate. As shown in Figure 4, when the 2 sets
contained equal amounts of chocolate, errors
were strikingly greater for 4-, 5-, 6-, and 8-year-
olds compared to 12-year-olds and adults, result-
ing in a significant interaction of mean chocolate
bar length and age, x2(2)191.54, pB.001.
Judgements of every age group were much less
accurate when the 2 sets represented equal
quantities. The mean performance of the 4 young-
est groups of children did not achieve 20%
correct when the quantities were equal, and 4-
year-old children achieved only 2% correct. The
overall superior performance of 12-year-olds and
adults was primarily due to their judgements of
sets representing equal quantities.
As expected, the standard deviation of chocolate
bar lengths affected performance (see Figure 5), but
the relationship was complex. Both the linear,
x2(1)118.77, pB.001, and quadratic, x2(1)
35.06, pB.001, terms for the standard deviation
were statistically significant. These effects were
moderated, however, by age. As predicted, the
performance of 12-year-olds and adults decreased
as the standard deviation of chocolate bar lengths
increased. The performance of 4-, 5-, 6-, and
8-year-old children, however, was highest for
intermediate levels of variability, resulting in a
surprisingly inverted U-shaped effect of bar length
variability on performance. These observations are
supported by a significant interaction between
both the linear term and age, x2(5)29.23, pB
.001, and the quadratic term and age, x2(5)
16.37, pB.01.
Stimulus feature analysis. Comparing the quan-
tities represented by 2 sets of bars is difficult. The
overall mean percentage correct was only 55%,
and even the adults only achieved 71% correct.
We know that children and adults can reliably
compare the quantities represented by 2 rectan-
gles of equal width and different heights. The
current experiment requires comparing 2 sets of 5
rectangles. This comparison could be accom-
plished by mentally summing or averaging the
quantities of all 5 rectangles in each set and then
comparing these 2 results. In this case, differences
in performance would reflect abilities to integrate
the bar lengths and compare the results. Judge-
ments may, however, rely on comparisons of
features of the stimuli, such as bars of equal
length, exceptionally long bars, and exceptionally
short bars. In this case, differences in performance
would reflect differences in the features employed
in these comparisons. Table 1 presents the re-
sponses of each age group to each of the 15
stimuli. We examined the stimuli to assess the
performance that would result from applying
simple feature comparison strategies and com-
pared it with the observed performance of each
age group.
Stimuli 7, 9, 10, 12, 14, and 15 all have 1 bar
that is substantially longer than the others. The
majority of children in the 4 youngest age groups
Greater than the Constant Set Less than the Constant Set Same as the Constant Set
Comparison Set Mean
Ac
cu
ra
cy
4 year-olds
5 year-olds
6 year-olds
8 year-olds
12 year-olds
Adults
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Figure 4. Mean proportion of correct responses by age and mean amount of chocolate in the comparison set for Experiment 1.
Error bars represents standard errors of the mean (N323).
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consistently selected the set containing this longer
bar. Selecting the set with the longest bar yields
the correct answer for Stimuli 7 and 10, and the
percentage of children who selected this answer
was 83% for Stimulus 7 and 77% for Stimulus 10.
For the remaining 4 stimuli of this group the set
containing the long bar is the incorrect answer, but
the percentage of children (excluding the 12-year-
olds) who selected it was 67% for Stimulus 14, 72%
for Stimulus 9, 74% for Stimulus 12, and 64% for
Stimulus 15. There were no systematic age differ-
ences in their responses to these stimuli. It appears
that many children adopted a strategy of selecting
the side with the long bar when there was a single
exceptionally long bar. The 12-year-old children
and adults, in contrast, were much less likely to base
their judgements only on the longest bar. The
percentages of 12-year-old children who incor-
rectly selected the longest bar for Stimuli 9, 12, 14,
and 15 were 55%, 52%, 34%, and 30%, respec-
tively. The percentages of adults who incorrectly
selected the longest bar for these 4 stimuli were
46%, 40%, 10%, and 18%, respectively.
Of the remaining stimuli, 8, 11, and 13 all have
1 bar that is substantially shorter than the other
bars. A possible strategy is to avoid the set with
Comparison Set Variability
Ac
cu
ra
cy
0 s 2s 3s >4s
0
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0 4 year-olds
5 year-olds
6 year-olds
8 year-olds
12 year-olds
Adults
Figure 5. Mean proportion of correct responses by age and stimulus variability for Experiment 1. Error bars represent standard
errors of the mean. Lines represent estimated effects of the model (N323).
TABLE 1
Percentage of left (L), equal (E), and right (R) responses for each stimulus and each age group in Experiment 1
Comparison greater than constant Comparison less than constant Comparison equals constant
Age Age Age
SD S# 4 5 6 8 12 A S# 4 5 6 8 12 A S# 4 5 6 8 12 A
0 L 1 42 36 20 15 5 1 2 50 58 74 87 80 83 3 52 46 44 64 16 10
E 3 15 18 7 15 6 0 24 13 7 19 16 3 18 15 9 68 86
R 55 49 62 78 80 93 50 18 13 6 1 1 45 36 41 27 16 4
s L 4 50 15 5 8 5 2 5 68 61 69 73 89 88 6 53 27 46 36 16 11
E 5 21 31 28 25 20 8 18 18 19 9 12 0 33 36 33 67 73
R 45 64 64 64 70 78 24 21 13 8 2 0 47 40 18 31 17 16
2s L 7 21 6 5 12 2 1 8 58 79 79 87 89 84 9 34 12 23 15 8 10
E 0 15 8 3 12 17 10 15 13 3 9 16 5 15 3 7 37 44
R 79 79 87 85 86 82 32 6 8 10 2 0 61 73 74 78 55 46
3s L 10 21 9 21 13 5 9 11 63 39 44 79 74 83 12 29 15 13 15 12 12
E 0 15 10 3 14 18 0 15 18 5 13 15 3 9 15 7 36 48
R 79 76 69 84 81 73 37 46 38 16 13 2 68 76 72 78 52 40
4s L 13 34 12 10 22 16 12 14 29 18 23 25 42 50 15 39 20 21 30 22 26
E 0 18 10 3 20 38 3 12 10 12 24 40 0 15 8 10 48 56
R 66 70 80 75 64 50 68 70 67 63 34 10 61 64 72 60 30 18
The standard deviation (SD) increases from 0 in the top row to more than 4s in the bottom row. Correct responses are italicised.
For each stimulus, the association between response and age was tested using chi-square. All chi-squares were significant at pB .01.
The effect size for each test, measured as Cramer’s phi, ranged between .19 and .51 (mean.32; median.31).
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the shortest bar, and performance for Stimuli 8
and 11 suggests that this strategy developed
relatively late. For these 2 stimuli, the short bar
is in the comparison set and the correct response
is the constant set. Averaging over these 2 stimuli,
the percentages of correct responses for 4-, 5-, 6-,
8-, and 12-year-old children were 61%, 59%,
62%, 83%, and 82%, respectively, and 84% of
adults responded correctly. About 60% of chil-
dren in the 3 youngest age groups responded
correctly, and about 83% of 8-year-olds, 12-year-
olds, and adults responded correctly, suggesting
that many of the oldest children and adults
adopted a similar strategy.
Stimulus 13 is interesting because the compar-
ison set contains a short bar but also contains the
most chocolate, so the strategy of avoiding the set
with the shortest bar yields the wrong answer. The
percentage of correct responses for 4-, 5-, 6-, 8-,
and 12-year-old children were 66%, 70%, 80%,
75%, and 64%, respectively, but only 50% of
adults responded correctly, resulting in a signifi-
cant chi-square, x2(5)51.21, pB.001, Cramer’s
phi.28. This is the only stimulus for which
younger children were more accurate than older
children and adults. Apparently many adults ruled
out the comparison set because of its short bar.
The strongest evidence of age differences was
found, surprisingly, in Stimuli 1, 2, and 3, in which
all bars of the comparison set were equally long.
Averaging across Stimuli 1 and 2, the percentage
of correct responses for 4-, 5-, 6-, 8-, and 12-year-
olds was 53%, 53%, 68%, 82%, and 80%,
respectively. In striking contrast, for Stimulus 3,
in which the 2 sets contain the same amount of
chocolate, the mean accuracy for the 4 youngest
groups was 3%, 18%, 15%, and 9%, respectively.
Children in these 4 age groups were unable to
recognise reliably that both sets of bars repre-
sented equal quantity, whereas 68% of 12-year-old
children and 86% of adults responded correctly.
Indeed, 4-year-old children almost never selected
‘‘equal’’ as a response; they responded correctly
to only 2.1% of the 5 equal stimulus sets. The
oldest children, in contrast, responded correctly
to 52% of the equal stimulus sets.
EXPERIMENT 2
As expected, the performance of 12-year-old
children and adults decreased as stimulus varia-
bility increased. Surprisingly, the performance of
children ranging in age from 4 to 8 years achieved
its maximum at intermediate levels of variability.
Their performance was lower for stimuli with
both low and high variability. Another striking
difference between the performance of younger
and older participants was the frequency of their
responses that the stimuli were equal. Younger
children rarely gave this response even when the
stimuli were, in fact, equal. The proportion of
correct responses for stimuli with equal quantities
was only 12% for children from 4 to 8 years of age
but 52% for 12-year-old children and 61% for
adults. Apparently children had a response bias
against selecting the equal response. Could the
observed age differences in the effects of stimulus
variability on performance be due to age differ-
ences in response bias? There is evidence that the
concept ‘‘same’’ develops in childhood, influen-
cing children’s understanding of quantity (Can-
tlon, Fink, Safford, & Brannon, 2007; Cowan,
1991). Hence, the effect of variability on perfor-
mance observed in our data may partly be
influenced by this decision bias. To control for
this potentially confounding effect, we ran an
additional experiment in which (1) the 5 stimuli
with sets having the same quantity were elimi-
nated, and (2) the response option ‘‘the same’’
was omitted. Furthermore, we decided to focus
our attention on 6- and 8-year-olds because in the
former group, the reversed U-shaped effect of
variability was still present, whereas in the latter
group this effect tended to disappear.
Method
Participants were 64 children (30 6-year olds and
34 8-year olds) recruited in a primary school
following the same informed consent procedure
as in Experiment 1. The materials and procedure
were the same as in Experiment 1 except that
Stimuli 3, 6, 9, 12, and 15 were eliminated and
participants were required to indicate which
stimulus was larger on each trial.
Results
Because the data were repeated measurements of
a binary response, we used a logistic mixed-effects
model. The dependent variable was accuracy. The
fixed effects were age group (6- and 8-year olds),
mean chocolate bar lengths in the comparison
set (more or less than the constant set), and
standard deviation of chocolate bar lengths in the
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comparison set. To evaluate the quadratic effect
of bar length variability, the model included the
quadratic term for the standard deviations of
chocolate bar lengths. To test our main hypothesis
that the effect of variability depends on age we
evaluated the interactions of age with both the
linear and quadratic term of the standard devia-
tion of chocolate bar lengths. Detailed informa-
tion on the model, including estimated
parameters and odds ratios as a measure of effect
size, is reported in Table A2 (available via the
supplementary tab on the article’s online page at
http://dx.doi.org/10.1080/20445911.2013.801485).
Mean proportions correct, presented in Figure
6 as a function of age and stimulus variability,
were greater than those observed in Experiment 1
for these 2 age groups. This increase in perfor-
mance is not surprising because in this experiment
there were only 2 response alternatives. The 8-
year-old children achieved significantly higher
performance than the 6-year-olds, x2(1)12.14,
pB.001. Performance was also significantly bet-
ter, x2(1)16.10, pB.001, when the comparison
set was larger (M.81, SE.02) than when the
constant set was larger (M.67, SE.03). As in
Experiment 1, both the linear, x2(1)23.07, pB
.001, and quadratic, x2(1)29.63, pB.001, terms
of the standard deviation of chocolate bar lengths
were significant. The effect of stimulus variability
was, however, moderated by age (see Figure 6), as
evidenced by a significant interaction of age and
the linear term, x2(1)8.89, pB.001.
These results confirm the nonmonotonic effect of
stimulus variability on younger children’s perfor-
mance. As in Experiment 1, the strongest evidence of
a reversed U-shape effect was found for the youngest
children, and this effect attenuates with age.
GENERAL DISCUSSION
Judging the relative sizes of 2 quantities in the
presence of variability is a fundamental problem
in all the sciences. We rely on the mathematics of
statistics and probability in the sciences to guide
these judgements, but in both the sciences and in
everyday life people may view data representa-
tions such as histograms and form opinions about
magnitudes.
We investigated development of the ability to
make quantity judgements in the presence of
variability. Comparing the quantities represented
by 2 sets of 5 bars is similar to but simpler than
comparing 2 histograms because the positions of
the bars are irrelevant in quantity judgements.
These judgements were surprisingly difficult even
for adults, who responded incorrectly to 29% of the
stimuli. Recognising that 2 sets represented equal
quantities proved especially difficult. The mean
percentage correct when quantities were equal was
only 12% for children and 61% for adults. There
was a strong bias for finding 1 set to be larger than
the other, a bias that is especially strong in young
children and slowly weakens with age. If a similar
bias occurs with histograms, it could cause people
to perceive differences that do not exist.
We expected to find that quantity judgement
performance would increase with age and de-
crease as the variance of bar lengths increases. As
expected, we found that mean performance
increases monotonically from 4 years to early
adulthood; in addition, we found marked inter-
individual differences. Some young children per-
formed this task more accurately than some
adults. Also as expected, adults’ performance
decreases as variability of bar lengths increases,
Comparison Set Variability
Ac
cu
ra
cy
0 s 2s 3s >4s
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Figure 6. Mean proportion of correct responses by age and stimulus variability for Experiment 2. Error bars represent standard
errors of the mean. Lines represent estimated effects of the model (N64).
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but surprisingly, the youngest age groups achieve
highest performance for intermediate variability.
It was also surprising to find that children of all
ages performed better than adults for 1 stimulus
(Stimulus 13).
This task requires integrating and comparing
the information represented by the lengths of 5
bars. How children and adults perform the task
apparently depends on characteristics of the
stimuli related to variability. As Figures 5 and 6
show, the effect of age on performance is strongest
when all bars are of equal length in the comparison
set. For these stimuli the task requires generating
and comparing an approximate internal represen-
tation of the quantities in the 2 sets. The youngest
age groups are able to compare these internal
approximations only slightly better than chance,
whereas adults achieve about 90% accuracy.
When the lengths of bars in the comparison set
vary, the stimuli acquire features such as bars that
are noticeably longer or shorter than all others. The
results suggest that children and adults employ
heuristics based on such features when judging the
quantities in some stimuli, and the heuristics
employed vary with age. One such heuristic is to
choose the comparison set when it contains a bar
longer than any in the constant set. Most children
aged 4 to 8 years responded to the 6 stimuli
containing a long bar in accordance with this
heuristic, resulting in a correct response for 2 stimuli
and an incorrect response for 4 stimuli. Most of the
12-year-old children and adults successfully avoided
the errors that this heuristic produces.
Note that this heuristic also explains the
inverted U-shape of performance by the youngest
age groups in Figures 5 and 6. Their performance
is low when comparison set variability is zero
because their ability to approximate and compare
these quantities has not fully developed. Their
performance increases as variability increases
because this heuristic yields the correct answer
for 1 of the 2 stimuli with variability of 2 sigma
and 3 sigma. For the stimuli with variability
greater than 4 sigma this heuristic yields the
wrong answer for 1 of the 2 stimuli, depressing
performance and yielding the inverted U-shape
performance curve.
The role and development of heuristics have
been observed in other areas of judgement and
decision making in children and adolescents, and
in some situations older children and adults who
have learned heuristics perform worse than
younger children (Furlan, Agnoli, & Reyna,
2012; Jacobs & Potenza, 1991; Reyna & Ellis,
1994). Some older children and adults apparently
learned another heuristic applicable in this task:
The quantity in a set of bars is smaller when 1 of
the bars is shorter than any others. This heuristic
yielded a wrong answer for 1 of the 2 stimuli
containing a short bar (Stimulus 13), and children
of all ages outperformed adults on that stimulus.
These results suggest that the effect of varia-
bility on quantity judgement is complex because
judgements are based on a mixture of learned
heuristics and comparisons of approximate quan-
tity representations, both of which develop
throughout childhood. Through experience with
various quantities, children learn to approximate
and compare quantities more accurately, and they
also learn heuristics based on features of quantity
sets that emerge as variability increases. Conse-
quently, performance depends on the specific sets
presented. Manipulating stimulus characteristics
(such as the number of bars and bar lengths) and
measuring response times provide avenues for
exploring learned heuristics in future research on
the effects of variability.
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APPENDIX A
TABLE A1
Results of the logistic mixed-effects model with accuracy as dependent variable for Experiment 1
Fixed effects B SE Odds ratio x2(df)
Age 214.09*** (5)
5-year-olds .50 .71 1.64
6-year-olds 1.45 .70 4.29*
8-year-olds 1.51 .64 4.53*
12-year-olds 2.35 .63 10.48***
Adults 3.40 .64 30.01***
Comparison set mean 713.54*** (2)
Less than the constant set .47 .21 .62*
Same as the constant set 4.55 .53 .01***
Comparison set standard deviation (linear) 1.21 .38 3.36** 118.77*** (1)
Comparison set standard deviation (quadratic) .20 .06 .82** 35.06*** (1)
AgeMean in the comparison set 191.54*** (8)
5-year-oldsLess than the constant set .24 .32 .79
6-year-oldsLess than the constant set .20 .31 .82
8-year-oldsLess than the constant set .10 .28 1.11
12-year-oldsLess than the constant set .41 .28 1.50
AdultsLess than the constant set .62 .27 1.87*
5-year-oldsSame as the constant set 2.25 .60 9.26***
6-year-oldsSame as the constant set 1.77 .60 5.88**
8-year-oldsSame as the constant set 1.31 .58 3.71*
12-year-oldsSame as the constant set 3.38 .56 29.5***
AdultsSame as the constant set 3.85 .56 47.0***
AgeComparison set standard deviation (linear) 29.234*** (5)
5-year-oldsStandard deviation (linear) .10 .53 .90
6-year-oldsStandard deviation (linear) .57 .52 .57
8-year-oldsStandard deviation (linear) .33 .48 .72
12-year-oldsStandard deviation (linear) 1.02 .47 .36*
AdultsStandard deviation (linear) 1.69 .47 .18***
AgeComparison set standard deviation (quadratic) 16.37** (5)
5-year-oldsStandard deviation (quadratic) .01 .09 .99
6-year-oldsStandard deviation (quadratic) .06 .09 1.06
8-year-oldsStandard deviation (quadratic) .01 .08 1.01
12-year-oldsStandard deviation (quadratic) .12 .08 1.13
AdultsStandard deviation (quadratic) .21 .07 1.23**
Baseline category for age was ‘‘4-year-olds’’. Baseline category for comparison set mean was ‘‘greater than the constant set’’. For
comparison set standard deviation, the degree of the estimated term (linear or quadratic) is reported in parentheses. Random effect
was subject. Number of observations4845. Number of subjects323. *pB.05, **pB.01, ***pB .001.
TABLE A2
Results of the logistic mixed-effects model with accuracy as dependent variable for Experiment 2
Fixed effects B SE Odds ratio x2(1) p-value
Age (8-year-olds) 2.86 .98 17.41 12.14 B.001
Comparison set mean (less than the constant set) .81 .20 .45 16.10 B.001
Comparison set standard deviation (linear) 2.08 .48 8.00 23.07 B.001
Comparison set standard deviation (quadratic) .37 .08 .69 29.63 B.001
AgeComparison set standard deviation (linear) 1.27 .73 .28 8.89 B.01
AgeComparison set standard deviation (quadratic) .15 .12 1.17 1.68 .194
Baseline category for age was ‘‘6-year-olds’’. Baseline category for comparison set mean was ‘‘greater than the constant set’’. For
comparison set standard deviation, the degree of the estimated term (linear or quadratic) is reported in parentheses. Random effect
was subject. Number of observations640. Number of subjects64.
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